We construct an equation of state for massive neutron stars based on quantum chromodynamics phenomenology. Our primary purpose is to delineate the relevant ingredients of equations of state that simultaneously have the required stiffness and satisfy constraints from thermodynamics and causality. These ingredients are: (i) a repulsive density-density interaction, universal for all flavors; (ii) the color-magnetic interaction active from low to high densities; (iii) confining effects, which become increasingly important as the baryon density decreases; (iv) nonperturbative gluons, which are not very sensitive to changes of the quark density. We use the following "3-window" description: At baryon densities below about twice normal nuclear density, 2n0, we use the AkmalPandharipande-Ravenhall (APR) equation of state, and at high densities, ≥ (4 − 7)n0, we use the three-flavor Nambu-Jona-Lasinio (NJL) model supplemented by vector and diquark interactions. In the transition density region, we smoothly interpolate the hadronic and quark equations of state in the chemical potential-pressure plane. Requiring that the equation of state approach APR at low densities, we find that the quark pressure in nonconfining models can be larger than the hadronic pressure, unlike in conventional equations of state. We show that consistent equations of state of stiffness sufficient to allow massive neutron stars are reasonably tightly constrained, suggesting that gluon dynamics remains nonperturbative even at baryon densities ∼ 10 n0.
I. INTRODUCTION
As the Relativistic Heavy Ion Collider and the Large Hadron Collider continue to push the limits of our experimental knowledge of hot dense quantum chromodynamics (QCD), neutron stars are the only cosmic laboratories in which we can study the structure of cold dense QCD [1] [2] [3] [4] [5] . The recent discoveries of neutron stars with masses M 2M (M is the solar mass), including the binary millisecond pulsar J1614-2230 with mass (1.97±0.04) M [6] and the pulsar J0348+0432 with mass (2.01 ± 0.04) M [7] (also PSR J1311-3430 [8] ), together with recent simultaneous determinations of neutron star masses and radii [9, 10] pose particular challenges to the theoretical construction of the neutron star equation of state.
On the one hand, the existence of these massive stars suggests that the equation of state must be stiffer than conventional hadronic descriptions of matter including hyperons. Furthermore, the central baryon density in neutron stars with masses ∼ 2M well exceeds twice nuclear matter density n 0 , and may reach as high as ∼ 10n 0 . To understand why such high mass stars are stable requires a knowledge of the equation of state at baryon densities n B over a range ∼ 1 − 10n 0 . However we cannot at present reliably calculate the equation of state over such a range; the densities are too high to apply reliably conventional hadronic equations of state, and too low to apply perturbative QCD.
This situation motivates us to investigate the properties of strongly correlated quark matter, intermediate between the hadronic and perturbative QCD phases, and ask how the properties of such matter is constrained by neutron star observations. Using a schematic quark model, we manifestly take into account quark degrees of freedom, while including interaction effects such as vector repulsion between quarks, known from hadron spectroscopy, color-magnetic diquark interactions, and sixquark interactions arising from the axial anomaly. We examine the roles of these interactions and find that it is possible, within a reasonable parameter range, to construct an equation of state that (i) is sufficiently stiff to include stable stars with M ∼ 2M ; (ii) satisfies the thermodynamic constraint that the baryon number density be an increasing function of the baryon chemical potential, ∂n B /∂µ B > 0; and (iii) is consistent with the (suggestive) causality constraint that the speed of sound (at zero frequency) not exceed the speed of light [11, 12] . While these conditions provide relatively tight constraints on the quark matter equation of state, it is nonetheless possible to construct the desired equation of state using quark model parameters compatible with the hadron spectroscopy.
To further motivate the picture of strongly correlated quark matter, we briefly review the domain of applicability of hadronic and perturbative QCD equations of state. Conventional hadronic equations of state are constrained by experimental data at low energy and density, e.g., two-body hadronic scattering below the pion production threshold, the masses and level structure of light nuclei, and nuclear matter around nuclear saturation density n 0 . While hadronic equations of state include the relevant physics in the low density regime in which their parameters are fit, with increasing density multiple meson exchanges, many-baryon interactions, and virtual baryonic excitations become increasingly important. (The system-FIG. 1: Pressure vs. quark chemical potential for several equations of state. The black line is the APR result [16] (A18+δv+UIX* without pion condensation)): the bold line for n B < 2n 0 and thin dotted line for n B > 2n 0 . Various effects are successively added to the standard NJL model; (a) a repulsive density-density interaction, which stiffens the NJL equation of state ; (b) the color-magnetic interaction (diquark correlation), which reduces the average quark energy at all densities; and (c) confining effects, which suppress the artificially large pressure in NJL models at low density down to the APR pressure, discussed in the text.
atics can be most clearly seen in the chiral effective theory approach [13] [14] [15] .) In nucleonic potential models [16] , the three-body nucleon interaction is crucial to reproducing nuclear matter properties at n B n 0 , and its contribution to the energy density can be even comparable (and of opposite sign) to that of the two-body force at n B ∼ 2n 0 . Beyond baryon densities n B n 0 a well defined expansion in terms of static two-, three-, or more, body forces no longer exists.
The equation of state of perturbative QCD [17] [18] [19] relies on a picture of weakly coupled quarks and gluons. A current state-of-the-art calculation in this regime, to second order in the strong interaction fine structure constant α s , with strange quark mass corrections [18] , finds a relatively strong dependence of the QCD equation of state on the renormalization scale below the quark chemical potential µ ∼ 1 GeV, which corresponds to a baryon density ∼ 10 2 n 0 . Such dependence indicates that nonperturbative effects remain quite important in the lower density range relevant to neutron stars.
In constructing a phenomenological QCD equation of state here, we follow the spirit of the "3-window" approach of Masuda, Hatsuda, and Takatsuka [20] that interpolates between a nuclear equation of state at low density and a quark equation of state at high density. At densities below 2n 0 we adopt the hadronic AkmalPandaripande-Ravenhall (APR) equation of state [16] (denoted in their paper as A18+δv+UIX*). At densities above 4-7 n 0 , where a gas of baryons of radius 0.4-0.5 fm would begin to percolate [21] , we employ a threeflavor Nambu-Jona-Lasinio (NJL) quark model including vector and diquark interactions. While we use the NJL model to be specific, our discussions are more general. In the intermediate region, where purely hadronic or purely quark descriptions are not appropriate, we construct an equation of state using a smooth polynomial interpolation in the baryon chemical potential-pressure (µ,P ) plane. In this plane the pressure must be a continuous and monotonically increasing function of µ. One cannot rule out the possibility of a first order transition as the baryon density increases; such a transition would appear as a discontinuity in the first derivative, ∂P/∂µ.
The 3-window approach is quite different from the conventional hybrid one in which one regards the quark and hadronic phases as distinct. In the latter, the quark pressure at given µ must, with increasing µ, intersect the hadronic pressure from below, and moreover must remain larger than the hadronic pressure at larger µ. By regarding the hadronic equation of state at density larger than ∼ 2n 0 as a valid description of matter, such a hybrid construction implicitly selects out possible forms of quark equations of state; in order to have an intersection, the quark pressure must be larger than that of the hadronic phase as large µ. Such quark equations of state are typically soft, and as a consequence hybrid stars with larger quark cores tend to have smaller masses. In contrast, in the 3-window approach, we construct high density quark equations of state independently of assuming a trustworthy high density hadronic pressure; at high density, the resulting quark pressure at given µ does not have to grow fast and may remain smaller than the pressure extrapolated from the hadronic phase. Such quark equations of state tend to be stiff, and a star with large quark core can have a large mass.
Within this schematic 3-window description, we aim to incorporate the following effects known from observed hadronic spectroscopy: (i) A repulsive flavorindependent density-density interaction [22] , which stiffens the equation of state (Fig.1a). (ii) The attractive color-magnetic interaction, relevant at all densities, which reduces the average single quark energy ( Fig.1.(b) ). This effect is similar to that observed in the constituent quark model [23] , in which the average quark energy in a nucleon is reduced from the constituent quark mass, ∼ 340 MeV, to one-third of the nucleon mass, ∼ 313 MeV. As we show, this effect plays an important role in ensuring that the interpolated equation of state satisfies thermodynamic constraints. (iii) Confinement, which, at low densities, traps quarks into baryons and forbids quarks to contribute significantly to the pressure.
As we describe, the NJL model, which does not include confinement, has a higher pressure at low density than nuclear models. The requirement that the interpolated pressure merges smoothly into APR at low densities (Fig.  1c ) effectively suppresses such excess pressure.
The present approach of interpolating between a hadronic and an NJL based quark picture makes the tacit assumption that the behavior of the gluon sector does not change appreciably over the range 0 n B 10n 0 ; and in particular, that the gluons do not add a bag constant, B g , to the energy (and subtracted from the pressure) when the nonperturbative gluons become perturbative. The bag constant measures the energy difference between the trivial (perturbative vacuum) and the nonperturbative vacuum. With the zero-point of the energy set to make the QCD (nonperturbative) vacuum energy zero, the perturbative vacuum has positive energy. Thus, whenever we consider the extreme conditions under which nonperturbative effects disappear, we must include the bag constant in addition to the contributions of the perturbative effects. However, the stability of massive neutron stars does not permit gluon condensation at the QCD scale Λ QCD ∼ 0.2 GeV to produce a gluonic bag constant, B g ∼ Λ
4
QCD , since such a term would, as we argue, too greatly soften the equation of state; we thus exclude the possibility of such a term. On the other hand, a quark bag constant, B q of order Λ 4 QCD associated with restoration of chiral symmetry, is unavoidable in the NJL model [24] .
We extrapolate NJL parameters obtained via hadron phenomenology at n B ∼ n 0 to high density quark matter (n B ∼ 10n 0 ) [25, 26] , an approach that is consistent with the observation from analyses for a large number of colors, N c , that gluon dynamics is insensitive to quark loop effects [27] . This paper is organized as follows. In Sec. II, we briefly describe the hadronic and quark models adopted in this study. In Sec. III A, we examine interaction effects on the quark equation of state. In Sec. IV, we construct the interpolated equation of state. In particular, we explain the difference between the present 3-window description and conventional equations of state which introduce a first order phase transition between hadronic and quark matter in [1, [28] [29] [30] [31] . As we see the constraints from thermodynamics and causality are quite important. In Sec. V, we solve the Tolman-Oppenheimer-Volkoff (TOV) equation and examine the resulting mass-radius (M -R) relation of neutron stars. Section VI is devoted to a summary and outlook.
We use the following conventions: 
II. MODELS
In this section we briefly summarize the features of the hadronic (APR) and quark (NJL) matter equations of state employed in this paper. APR will be used to describe low density matter, n B < 2n 0 , while the NJL model will be used at high densities, n B > (4 − 7)n 0 . The precise density beyond which we adopt a fully quark description of matter will depend upon details of the interpolation, as discussed in section IV.
A. The APR equation of state
In this work we adopt the A18+δv+UIX * version of the APR equation of state to describe low density hadronic matter [16] . This equation of state, based on the Argonne v 18 two-body potential, which fits hadronic scattering data very well, and the Urbana IX three-body interaction, which is important to explain nuclear saturation properties, includes charge neutrality and β-equilibrium. The δv indicates the inclusion of relativistic corrections. For simplicity, we adopt the APR version excluding neutral pion condensate, which emerges at n B ∼ 1.4n 0 . The APR model includes only nucleonic degrees of freedom, and does not take into account hyperons, whose interactions with nucleons and among themselves are not well determined. Typical models of nucleon-hyperon interactions predict hyperon onset at a density n B ∼ 2 − 3n 0 . We restrict our application of APR to n B < 2n 0 .
B. The NJL equation of state
The Lagrangian
In descriptions of quark matter, we adopt a three flavor Nambu-Jona-Lasinio model with Lagrangian density
where q is a quark field with color, flavor, and Dirac indices,m is the quark current mass matrix, and
σd are four-and six-quark interaction terms, respectively, chosen to reflect the symmetries of QCD. The four-quark interactions possess U L (3) × U R (3) symmetry for flavors, while the six-quark interactions reflect the U A (1) anomaly.
The first of the four-quark interactions describes spontaneous chiral symmetry breaking:
where G > 0 (attractive), and
a is the chiral operator with flavor indices i, j (summed over the color index a).
The second of the four-quark terms [32] ,
describes the repulsive density-density interaction, analogous to ω-meson exchange in nuclear matter. The third of the four-quark terms,
describes attractive diquark pairing, where τ A and λ A (A, A = 2, 5, 7) are the antisymmetric generators of U (3) flavor and SU (3) color, respectively. The structure of the interaction can be understood as the color-magnetic interaction in the 2 → 2 scatterings of quarks in s-wave, spin-singlet, flavor-and color-anti-triplet channel. The
are diquark operators of left-and right-handed chirality.
Next we discuss the six-quark interactions responsible for the U A (1) anomaly [33] . The first term involves the product of the chiral condensates of different flavors:
where det f denotes the determinant with respect to flavor indices. The second term couples the chiral and diquark condensates [34] ,
At tree level, these two interactions may be related via a Fierz transformation, which leads to the conclusion K = K. However, renormalization effects will, in general, destroy this equality so that at the mean field level we may treat K and K as independent parameters, but with K ∼ K.
Electric and color charge neutrality constraints
In order to avoid energetically expensive static longrange electric Coulomb interactions and color flux tube configurations in stable homogeneous quark matter, we impose the local electric and color charge neutrality constraints
where n Q is the local electric charge density, and the n a are the local color densities. These conditions are enforced via standard Lagrange multipliers -with the appropriate chemical potentials coupled to the electric and color charge densities, respectively [35] . Introducing the charge chemical potential µ Q , we add to the Lagrangian the terms
where Q = diag(2/3, −1/3, −1/3) is the quark charge operator for (u, d, s) quarks, in units of the proton charge e. The l i = (e, µ, τ ) are lepton fields and m i the lepton masses. We may safely omit contributions from µ-and τ -leptons since their populations are vanishingly small in the density range of interest [20] . Colors and flavors in dense matter are coupled through the diquark interactions of L (4) d . Thus, an asymmetry in quark flavor densities (e.g., a 2SC phase) leads to a corresponding net quark color density. Most generally case, we should introduce eight independent color chemical potentials [36] . However, for the diquark pairing structures considered in this paper, all color densities except n 3 = q † λ 3 q and n 8 = q † λ 8 q automatically vanish [37] . Thus, we only need to add the terms
to constrain the system. The values of (µ Q , µ 3 , µ 8 ) will be tuned to satisfy the neutrality conditions.
Mean field equation of state
The mean fields for the chiral condensate and quark densities are
Below we write (σ 1 , σ 2 , σ 3 ) = (σ u , σ d , σ s ) for later convenience. For the diquark mean fields, we write
where
With these definitions, the diquark condensates
The thermodynamic potential may be computed from the mean field particle propagators in terms of these mean fields; the inverse of the propagator S(k), can be read off from the mean field Lagrangian [34] ,
where the effective mass matrix has diagonal elements
while the three diquark pairing amplitudes,
and the effective chemical potential matrix,
are color-and flavor-dependent. For each momentum, the inverse propagator is a 72×72 matrix. There is spin degeneracy, so maximally there are 36-independent eigenstates in the presence of the flavor and color asymmetry. In the Nambu-Gor'kov formalism, the eigenenergies appear as pairs, ( , − ). The single particle contribution to the thermodynamic potential is
where ∆ j = j − free j ; here Λ is an ultraviolet cutoff. The µ-dependence is hidden in the eigenvalue j . Because Eq. (13) cannot be inverted analytically, the eigenvalues must be computed numerically for each momentum [38] .
In order to remove the double-counting of interactions typical of mean-field treatments, we must also include in the thermodynamic potential the terms
These terms are positive (σ i < 0), except for the final term.
The quark matter thermodynamic potential is Ω bare q = Ω single + Ω cond. . However, there still remains the nontrivial choice of the "zero" of the thermodyanmic potential. For discussions of neutron star masses, this procedure is extremely important because in general relativitity, the absolute energy density, as in the TOV equation, and not simply its deviation from the QCD vacuum, is physically relevant. Given that the cosmological constant is extremely small compared to the QCD scale, we set the origin of the thermodynamic potential to zero at zero quark density and temperature. Thus in constructing the quark matter equation of state, we will use the renormalized thermodynamic potential (19) which vanishes at T =μ = 0.
Finally, the electron contribution to the thermodynamic potential is the standard
with E e = k 2 + m 2 e , and where we recall that the electron chemical potential is µ e − = −µ Q .
Writing the total thermodynamic potential as Ω = Ω q + Ω e , the thermodynamic state of the system is determined minimizing the free energy with respect to the seven condensates {σ i ,d i ,n} under the neutrality conditions which yields the "gap equations."
Below we solve these self-consistent equations using the method outlined in [37] . Whenever we encounter regions in the solution suggestive of first order phase transitions, we explicitly compare Ω in the relevant phases to determine which local minima is gives the lower free energy.
For the ground state we calculate at a nonzero but very small temperature ∼ 0.1m e , which makes the numerical calculations faster and more stable.
The NJL parameters
For the model outlined above, we identify two distinct sets of parameters: (Λ, m u,d , m s , G, K) and (g V , H, K ). The first set is fixed by matching to QCD vacuum phenomenology. In this work we will use the set by Hatsuda and Kunihiro (HK) [25] (Table I) , which gives the vacuum effective masses for light flavors, M u,d 336 MeV, and strange quark, M s 528 MeV. The second set of parameters does not manifestly affect the quantities in QCD vacuum at the mean field level; we therefore treat them as free parameters, but of the same order of magnitude as the first set, based upon Fierz transformations connecting the associated interaction vertices in the absence of any known anomalous suppression. Briefly, we will investigate g V = 1 − 2G, H = 1 − 1.5G, and K = 0 and K = K. The choice of these values will be explained in Sec.III.
III. QUALITATIVE EFFECTS ON THE QUARK EQUATION OF STATE
In this section we examine a number of qualitative effects related to the quark matter equation of state.
A. When do the quark equations of state become stiff ?
We begin our discussion of stiffening of the equation of state by considering a schematic expression for the quark sector equation of state (see also [29] ). For simplicity, we presently consider only matter in a single phase, ignoring any complications arising from phase transitions. In this context, the energy density may be parameterized in terms of the quark density as
where n ∼ p 3 F with p F the quark Fermi momentum. The first term is the kinetic energy contribution. The second term contains contributions from both diquark pairing on the Fermi surface (∼ −p
2 ) and mass corrections (∼ +p
2 ), where we assume that ∆, M p F . (The limit M p F is applicable for all quarks, even strange, at high density, where chiral restoration occurs, and is applicable for u and d quarks at intermediate density.) The third term represents the density-density interaction. The last term is the bag constant B (> 0). We neglect, for large p F , the density dependence of the pairing gaps, as well as that of the bag constant.
Differentiating (23) yields the chemical potential µ = ∂ε/∂n, from which the pressure P = µn − ε is:
The first term is the kinetic pressure, while the remaining terms correspond to corrections arising from the mechanisms discussed above. For given ε, the pressure becomes large when c 2 < 0 and c −2 > 0. The former condition is met when the quarks interact attractively near the Fermi surface. The latter condition simply expresses the requirement that the density-density interaction should be repulsive in order to stiffen the equation of state. More generally, for stiff equations of state, the coefficients c m≥2 should be negative, while c m<0 should be positive. Finally, a smaller value of the bag constant also tends to stiffen the equation of state.
B. Quark and gluon bag constants: Bq and Bg
To consider the impact of the quark and gluon bag constants, we begin by supposing that both the quark and gluon sectors are weakly interacting and that all quark and gluon condensates are vanishingly small. In the absence of perturbative corrections, the equation of state is then
2 is a function of the number of quark colors N c and flavors N f , and the net bag constant is sum of quark and gluon contributions, B = B q + B g .
The existence of the bag constant changes the energypressure relation from ε = 3P to ε−4B = 3P . Therefore, a smaller B enhances P at given ε, stiffening the equation of state. In fact, for a three flavor ideal quark gas with a bag constant, the maximum neutron star mass scales as [41, 42] 
while the corresponding radius scales as
Thus, smaller values of B give rise to more massive, larger neutron stars. In the NJL model, the quark bag constant at large density appears automatically when the gap in the Dirac sea is closed through chiral restoration. As a result, its value be computed explicitly as
where M eff is the effective mass in the quark energy; M eff becomes the current quark mass (m) in the perturbative vacuum and the dynamically generated mass (M ) in the chiral symmetry-broken vacuum. In the HK parameter set with vacuum effective masses M u,d = 336 MeV and M s = 528 MeV, the bag constant is
Naively substituting this value into Eq. (26), we obtain a maximum neutron star mass ∼ 0.9M , which less than 1/2 the mass of observed massive stars. This low maximum mass indicates the importance of interaction effects in order to sustain massive neutron stars. Typical values of the bag constant used previously [16, 42] sq , the star mass is relatively large, 1.78M , but still does not reach ∼ 2M ; to do so requires including interactions. Since the value of the bag constant is not precisely known, we employ the NJL value (29) for consistency. As noted, we should also consider a gluon bag constant, B g ∼ Λ
4
QCD when gluons become perturbative at some large quark density. However, because the quark bag constant in the NJL model alone already provides considerable softening of the equation of state, a significant contribution from the gluonic bag constant is unlikely in our equation of state, as we show later in Sec. IV C.
One might argue that considering a gluonic bag constant is unnecessary because the gluons are integrated out in determining the interactions in the NJL model, and thus the quark bag constant already contains the gluonic contributions. This is not quite correct. In the NJL model, the long-range components of the gluons such as those producing confinement are certainly not taken into account; integrating out the long-range components generally produces nonlocal interactions among quarks, which are not present in the NJL model. Therefore, we must consider the contributions from long-range gluons separately, and not simply ignore the gluonic bag constant. 
C. Repulsive density-density interaction: gV
The repulsive quark vector interaction is inspired by the repulsive density-density interaction in nuclear matter, described, e.g., by omega meson exchange [43] . Extrapolating the picture of nuclear matter to the strongly correlated quark matter domain, we anticipate that the quark vector coupling is of similar magnitude to the hadronic coupling scale g V ∼ G.
Reference [44] demonstrated that the vector coupling should be g V ∼ 2G in order to explain the lattice results on the curvature of the chiral restoration line near zero density [45] . (Note that the coupling constant G here corresponds to half that used in Ref. [44] .) In the following, we focus mainly on the value g V = 2G.
The inclusion of a vector coupling smooths out chiral symmetry restoration [44] because the density-density repulsion forbids a rapid increase of the baryon density, and as a result the chiral transition also does not occur rapidly. Indeed, beyond a particular critical coupling, a first order chiral transition is turned into a smooth crossover.
Intuitively, an increasing repulsive vector force stiffens the equation of state, P vs. ε, as shown in Fig. 2 . While the NJL equation of state is considerably softer than APR for small vector couplings, when g V is sufficiently large the NJL equation of state can achieve a stiffness on par with APR across a wide range of densities. By increasing g V sufficiently, we can obtain an equation of state within the present framework stiff enough to support neutron star masses ∼ 2M .
On the other hand, increasing g V makes it more difficult to interpolate between the APR and NJL regimes. This challenge is seen in the plots of n B (µ) and P (µ) in Fig. 3 , where for both P and n B , the APR and NJL curves become more widely separated in µ as g V increases. One might imagine that the matching could be performed rather simply by allowing a first order phase transition in the interpolated region; however a first order transition, a sudden increase in n B is simply a kink in P vs. µ, which does not help the interpolation. A part of the difficulty of interpolating between APR and NJL is that the constituent quark mass for light flavors is M u,d
336 MeV, larger than the one-third of the nucleon mass. Accordingly, the P (µ) curve in the NJL model tends be below that of APR. We next discuss two-body correlations mediated by the color magnetic interaction, which tend to shift the P (µ) curves to the left, rendering the interpolation procedure more feasible.
D. Two-body correlations: the color magnetic interaction H
At high density, quarks undergo BCS pairing (diquark condensation) as a consequence of the color magnetic interaction. Pairing reduces the energy density by an amount δε ∼ −p 2 F ∆ 2 , or equivalently, enhances the pressure by δP ∼ +p 2 F ∆ 2 . We expect correlation effects among the quarks to increase with decreasing density. Eventually three-quark correlations must be dominant in the hadronic phase. One path to three-quark correlations is increasing di- quark correlations plus diquark-single quark correlations beyond that described by the standard choice of the diquark coupling H = 0.75-1.0 G, based on Fierz transformation of the one-gluon exchange type vertex. In this range, we do not find significant effects of H on the equation of state in the density range of interest. A diquark mean field appears only when the Fermi surface becomes sufficiently large to overcome chiral symmetry breaking effects. However, diquark correlations, which can exist even without a large Fermi sea, reduce the energy of a pair to less than twice the effective quark mass. To simulate such effects within the present mean field approach, we allow the diquark mean field to reduce the single quark energy at all densities by exploring somewhat larger values H = 1.0-1.5 G than the standard.
As shown in Sec. III A, pairing tends to stiffen the equation of state in the high density regime. Figure 4 shows the development of constituent quark masses and mean field pairing gaps; as µ increases, quark matter first appears in a 2SC phase in which only up and down quarks are paired (∆ ud = 0, ∆ us = ∆ ds = 0), and later evolves into a CFL phase in which all three quark flavors pair (∆ ud , ∆ ds , ∆ su = 0). At T = 0 the 2SC-CFL transition appears to be first order for all NJL parameter sets. However, given that this transition occurs at relatively low density (n B < 4n 0 ), the quark model results must be treated with caution.
Two-body correlations are also important at low densities. For example, in the constituent quark model, color magnetic interactions between quarks, in the presence of confinement, reduces the nucleon mass from three times the constituent quark mass, 3 × 340 = 1020 MeV by some 80 MeV to its physical value. Since confinement, by localizing the quarks into a spatial region ∼ Λ QCD , where σ is the string tension -the energy gain from the color magnetic interaction must exceed ∼ 30 MeV.
The diquark interaction, H, treated in mean field, qualitatively simulates the reduction in the average quark energy at low density that results from pairing effects. As the magnitude of the diquark interaction increases, the curves of the thermodynamic variables as functions of µ are shifted leftwards to lower chemical potential, as shown in Fig. 5 . Thus, by including effects of pairing, one is able to maintain the stiff equation of state produced by a relatively large vector coupling, while at the same time enabling a smooth interpolation between the NJL and APR equations of state for all thermodynamic variables. Figure 6 demonstrates the impact of pairing on the stiffness of the NJL equation of state. The discontinuous change of ε at fixed P reflects the first order 2SC-CFL phase transition. While for 0 < H < 1.5 G, the equations of state exhibit softening immediately following the 2SC-CFL transition, as the quark density increases further, pairing effects stiffen the equation of state for all NJL Fig. 5 . The discontinuous change of ε at fixed P reflects the first order 2SC-CFL phase transition. For 0 < H < 1.5G, the equation of state is softened immediately following the 2SC-CFL phase transition, but as density increases, the equation of state eventually stiffens relative to the H = 0 case. For H = 1.5G, the equation of state is stiffer than the unpaired case for all densities.
parameter sets, relative to the no-pairing case. Moreover, when the pairing is sufficiently strong (H > 1.5G), the equation of state is stiffer than without pairing (H = 0) across the entire density range. We note that for large H, the quark pressure at given µ exceeds the APR pressure even at very low densities. Taken at face value, this would suggest that even at very low densities the ground state of QCD matter is quark rather than hadronic matter. However, as we discuss in Sec. IV, this high pressure is an unphysical consequence of the NJL model not being confining at low densities.
E. Chiral-diquark coupling: K
We now turn to the axial anomaly-induced coupling between the chiral and diquark condensates. The importance of the anomalous coupling K depends on the size of the chiral and diquark condensates. For K > 0, this coupling favors the coexistence of chiral and diquark condensates [34] . Thus, as K increases from zero the diquark condensate emerges at lower chemical potential and the chiral condensate persists to higher chemical potential. Figure 7 shows the impact of K on the NJL equation of state. We note that while increasing K from 0 to K slightly stiffens the equation of state, its impact is much smaller than that of g V or H. Since the K term in the Lagrangian can be read as a diquark interaction with an interaction strength proportional to the chiral condensate, the effect of K can be largely absorbed by the variation of g V and H; thus in the following we do not study the variation of K in detail but take K = K as a canonical value.
IV. INTERPOLATED EOS
We now discuss constructing an interpolated equation of state, P (µ) that smoothly joins the equations of state of the low density APR model to the high density NJL model. The first step in defining an interpolation method for joining the hadronic and quark sectors is to determine the "overlap region" in which the two equations of state will be merged. Beginning in the low density hadronic regime described by APR, we expect that as density increases, corrections from many-body forces, hyperon degrees of freedom, multiple meson exchanges and the like, will become important above n B ∼ 2n 0 . Thus, we fix the lower boundary of the interpolation to n < ≡ 2n 0 .
As the density decreases in the quark regime , confining effects, which trap quarks into baryons, become increasingly important. Assuming that the radius of a typical baryon is r B ∼ 0.4 − 0.5 fm, baryons begin to percolate at around n B ∼ 4 − 7n 0 . Thus, we set the upper boundary of the interpolation to n > ≡ 4 − 7n 0 , with the precise location determined by the details of the given NJL parameter set being used.
In the intermediate density regime at a given chemical potential, the pressure of the interpolated equation of state should be lower than the NJL pressure extrapolated to lower densities (Fig.8) . This follows from the fact that nonconfining models yield excess quark populations at given chemical potential, due to the unphysically small energy cost of having quarks present. In other words, were the confining effects of QCD incorporated in the description of the quark phase, the pressure, especially in dilute region, would be significantly suppressed. This situation is quite analogous to the "semi"-QGP picture for finite temperature QCD [46] in which an "overpop- ulated" quark pressure is suppressed by Polyakov loop effects, until thermal quarks and gluons exhibit quasiparticle behavior at temperatures beyond ∼ 2 − 3T c , where T c is the pseudocritical temperature for deconfinement [47] .
The present 3-window description is quite different from the conventional one involving a first order hadronquark phase transition [1] . In the latter case, the quark pressure at low density of nonconfining models must be smaller than the hadronic one, in order to ensure the intersection of the quark and hadronic pressure at reasonable density. This is achieved either by restricting the quark model parameters or by introducing a bag constant to lower the quark pressure. Such choices, however, generally affect the quark matter equation of state not only in the (presumably unreliable) low density limit, but also in the high density regime in which it should be reliable.
A. Thermodynamic constraints
Having discussed the qualitative aspects of a hadronquark interpolation, we now briefly review the thermodynamic constraints imposed on this interpolation which are necessary to ensure that the interpolated equation of state is physical. These constraints are as follows: (i) the pressure P (µ) must be continuous everywhere; (ii) n B (µ) = (∂P/∂µ)/N c must be a monotonically increasing function in order to ensure stability of the system with respect to phase separation:
In addition one physically expects that the speed of sound must be less than the speed of light: c 2 s = ∂P/∂ε < 1 [11, 12] . These conditions tightly constrain possible interpolations of the equation of state.
B. Interpolation method
We now describe a particular method for constructing a phenomenological quark-hadron equation of state. To interpolate in the variables µ-P , we employ a simple polynomial interpolation function, defining an N th order polynomial interpolant for the pressure:
where µ < and µ > are defined as the points where n B (µ < ) ≡ n < = 2n 0 and n B (µ > ) ≡ n > = 4 − 7n 0 . The coefficients b m are chosen to satisfy the matching conditions at the boundaries of the interpolating interval. At µ = µ < :
and at µ = µ > :
The number of derivatives that one matches at each boundary is a matter of choice. In general, matching more derivatives results in a smoother interpolation, but at the same time increases the probability of producing unphysical artifacts in the interpolating region (e.g., inflection points in P (µ) which violate thermodynamic constraints). Here we match up to second order derivatives at each boundary, which ensures that the pressure, number density, and number susceptibility are continuous. Correspondingly, these six boundary conditions require that Eq. (30) has six terms (N = 5).
C. Interpolated EOS Figure 9 shows the interpolated equation of state P (µ), with the interpolation boundaries (n < , n > ) = (2.0, 5.0)n 0 . For illustration, we consider two NJL parameter sets:
with K = K in both cases. For n > 4n B , Set I satisfies all the conditions demanded by the thermodynamic constraints, as we verify shortly. One cannot, however, within the present polynomial interpolation, construct a sensible interpolation for Set II, because at the interpolation boundaries the APR and NJL pressures are rather widely separated in µ, a possibility noted in Sec. III D. This wide separation in µ requires a small slope of the interpolated pressure, but at the same time the slope must be larger than the slope of the APR pressure at the lower boundary, because of the compressibility condition region of ∂n B /∂µ < 0, as is clearly seen in the plot of n B (µ) in Fig. 10 . The result presented in Fig. 10 does not preclude constructing a sensible interpolated pressure for Set II. As one sees in Fig. 10 , it is possible to join the low and high baryon density curves with a nondecreasing function of µ. The present exercise shows that the class of interpolating functions for Set II is much more restrictive than for Set I. For example, if there is a first order phase transition between the hadronic and quark regions, the possible density discontinuities are smaller for Set II than Set I. More detailed treatments of the interpolation region are beyond the scope of the present work and we henceforth restrict our consideration to the simple polynomial interpolation, rejecting NJL parameter sets, such as II, incapable of being joined with APR in a thermodynamically consistent manner. Figure 11 shows the pressure vs. energy density for parameter set I. In this case, the high density equation of state is as stiff as APR extrapolated into the region beyond n B = 2n 0 . From Fig. 12 , we observe that the causality constraint is satisfied when the high density boundary, n > , is varied from 4n 0 to 7n 0 . If we take n > 4n 0 , however, we find that c 
GeVfm
−3 , which should be included when the gluon sector becomes perturbative. This contribution reduces the pressure in the quark matter region by 30 − 40%, which makes it extremely difficult to interpolate between the hadronic and quark regimes without violating the condition ∂n B /∂µ > 0 (cf. Fig. 9 ). At the same time, the bag constant increases the energy density by B g , so the resulting equation of state becomes significantly softer. Strictly speaking, even in this situation it would be possible to con-struct equations of state by increasing g V and H significantly from our current choices; however the current choices for these couplings are already relatively large and it is difficult to identify a mechanism that would significantly increase either coupling in the dense regime. Thus, we conclude that B g should be very small in the quark matter equation of state, even at n B ∼ 10n 0 ; the gluons remain condensed and nonperturbative.
V. MASS-RADIUS RELATION
By solving the TOV equation for a given value of the baryon density at the center, we construct a family of stars whose masses and radii are functions of n Fig. 13 , where we have taken n > = 5n 0 as in the previous section. To examine effects of the quark bag constant associated with chiral restoration, we also show results for the three-flavor free quark gas with bag constants B q = B NJL = (219MeV) 4 and B q = (155MeV) 4 . In the NJL model by itself, the quark bag constant is so large that neutron star masses are restricted to M < M . However, we note that as the bag constant decreases, neutron star masses rise, so that models yielding smaller bag constants allow more massive stars.
We see in Fig. 13 that the M (n c B ) curves for our interpolated equation of state and APR are quite similar, a not too surprising result given that our chosen NJL parameter set yields an equation of state quite similar to APR. However, while the thermodynamic properties of the two systems are similar, the underlying effective degrees of freedom are quite different. Indeed, APR is well known for its extreme stiffness at high densities, but the effect of hyperonic degrees of freedom in the hadronic sector are expected to reduce this stiffness. On the other hand, our NJL treatment of the quark sector includes strange quarks from the beginning, and is capable of producing a sufficiently stiff equation of state to support stars whose masses exceed 2M [20] . Figure 14 shows the M -R relation for the interpolated equation of state with parameter set I. For most central densities the stellar radius is ∼ 11 − 12 km, which is compatible with observational data [9, 10] . However, the radius at which the mass starts to rise in the M -R plot is sensitive to the properties of the hadronic equation of state for n 0 ∼ 1.0 − 2.0n 0 , with different hadronic equations of state yielding radii differing by up to ∼ 2 km [20] . quark model. In so doing, we explored a number of relevant ingredients of the equation of state needed to realize neutron stars of mass ∼ 2M , while satisfying necessary thermodynamic and causality constraints. These requirements constrain the form of the interpolated equation of state and allow one to infer qualitative effects regarding the intermediate density region between the hadronic and quark regimes. The repulsive density-density interaction, color-magnetic interaction, and confining effects play a vital role in determining the structure of the equation of state. A crucial result is that the gluonic bag constant must be small, i.e., the gluons must remain strongly coupled throughout the density region of interest in massive neutron stars; the gluon sector remains nonperturbative even at ∼ 10n 0 . One reaches a similar conclusion from studies of quarkyonic matter [27, 48, 49] , in which nonperturbative gluons in quark matter play a crucial role.
We have also emphasized why the three window model of interpolation [20] is capable of producing stiffer equations of state than conventional hybrid equations of state involving first order phase transitions. As opposed to conventional models, which require the intersection of quark and hadronic P (µ) curves, we propose that the quark pressure P (µ) based on nonconfining models need not (and even should not) intersect the hadronic equation of state before the inclusion of confining effects. While this observation is not directly applicable at low density (where we did not use the NJL model), it results in a much wider range of possible high density quark equations of state. As a result, we are able to explore a region of parameter space that has been omitted from prior studies, while still producing a stiff equation of state required to support massive neutron stars.
In this work we have not taken into account possible meson condensed phases, by which we mean condensates in which the order parameter has the quantum number of a mesonic field. Such condensates have been studied in a nuclear context [50] [51] [52] as well in quark matter, e.g., inhomogeneous diquark [4] and chiral [5] condensates. If extant, such exotic phases would likely occur in the the neither purely hadronic nor purely quark density region in which we have interpolated. Thus one cannot directly take over previous results for meson condensates, including the strength, or density discontinuity, of the first order phase transition to the condensed phase. For a given hadronic equation of state at low density and quark equation of state at high density, the strength of such a phase transition is bounded. Although we have, for simplicity, considered only a smooth interpolation scheme, one should more generally allow for such exotic phases; then the smooth P (µ) curve used in this work would be replaced by one with a small kink, keeping the positive curvature of P (µ) in the interpolation. We anticipate that even with condensates at intermediate density, it will still be possible to find a reasonable parameter set for the color-magnetic and vector interactions that is compatible with the existence of massive stars. The issue of exotic phases remains open until we can reliably estimate the high density quark equations of state. Further studies are needed to understand better the impact of exotic phases on the in-medium NJL parameters and in turn, their implications for the description of massive neutron stars.
In order to improve the description of the intermediate density matter in neutron stars it is important to further refine our understanding of the hadronic equation of state near n B ∼ (1 − 3)n 0 . In particular, a more careful assessment of the importance of many-body interactions and the emergence of hyperons is required. Further constraints may be obtained from heavy-ion collisions, including strangeness production [53] , and lattice QCD calculations of hyperon-nucleon interactions [54] . Studies of the density dependence of nuclear forces in terms of quarks and gluons play a crucial role in determining when (and why) quarks emerge as the proper degrees of freedom at high density. It would be desirable in the future to extend to finite temperature the present approach to the equation of state to enable us to address dynamical questions such as applications to heavy ion collisions, and neutron star cooling. It is also important to obtain an improved estimate of the quark bag constant, for were it much smaller than the NJL estimate used here, the softening associated with chiral restoration would be significantly reduced and large vector and diquark couplings would not be necessary to obtain a stiff quark matter equation of state within the present context.
